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BILINEAR MULTIPLIERS OF FUNCTION SPACES WITH
WAVELET TRANSFORM IN L, (R")

OZNUR KULAK

ABSTRACT. Let wi, ws be weight functions on R". For 1 < p,q < oo,
fixed s € R4, the space (Df,’;{wg)s (R™) consists of f € Lf, (R™) such
that wavelet transform W, f (.,s) belongs to Ld, (R") where 0 # g €
S (R™). This space was defined and investigated by Kulak and Giirkanlh
[11]. In this paper using this function space, the vector space of bilinear
multipliers is defined in this way. Let w1, we, v1, v2 be slowly increasing
weight functions and let w3, v3 be any weight functions on R". Assume
that m (€, n) is a bounded, measurable function on R" x R". We define

A
Bu(£.9) (@) = [ [T©§ mym 6. e dgan
Rnirn

for all f,g eC2°(R™). We say that m(£,n) is a bilinear multiplier
on R" of type (D (ps,qi,wi,vi,si)) if Bm is bounded operator from
(DL%),, (R") x (D), (B") to (D), (R") where 1 < pi.g; <
00, sieR" (i = 1,2,3). We denote by BM[D (pi, ¢, wi, i, si)] the vector
space of bilinear multipliers of type (D (pi, gi,ws, Vi, $;)). In this work,
some properties of this space are investigated and some examples of
these bilinear multipliers are given.

2010 MATHEMATICS SUBJECT CLASSIFICATION. 42A45, 42B15, 42B35,
43A32.

KEYWORDS AND PHRASES. bilinear multipliers, function spaces, wavelet
transform.

1. INTRODUCTION

Throughout this paper we will work on R™ with Lebesgue measure dx. We
denote by C¢° (R™) and S (R™) the space of infinitely differentiable complex-
valued functions with compact support on R™ and the space of infinitely
differentiable complex-valued functions on R™ rapidly decreasing at infinity,
respectively. Let f be a complex valued measurable function on R™. The
translation, character and dilation operators T, M, and Dy are cleﬁned
by Tof (y) = f(y — ), Mof (y) = ™V f (y) and DPf (y) =t v f ()
respectively for z,y € R™, 0 < p,t < co. With this notation out of the way
one has, forlgpgooand%—kz%:l,

(Tof) " (€) = M_of (&), (Mof) " (&) = Tuf (€), (DVf) " (&)= DV, f(€).

For 1 < p < oo, LP (R™) denotes the usual Lebesque space. A continuous
function w satisfying 1 < w (z) and w (z +y) < w (z)w (y) for z,y € R™ will
be called a weight function on R™. If w; (z) < ws (z) for all x € R", we say
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that w; < ws. For 1 < p < oo, we set
LY, (R") = {f : fw € LP(R")}.

It is known that L%, (R™) is a Banach space under the norm
1

P

1fllpe = Ilfell, = /If(m)W(x)lpdm ;1<p<oo,
Rn

or
||f||oo,w = ”fw”oo = es‘zﬂsgupo(x)w ($)| ’ p = Q.
€T n

We say that a weight function vs polynomial type, if vs (z) = (1 + |z|)® for
s > 0. Let f be a measurable function on R™. If there exists C' > 0 and
N € N such that

@< (1 pl)”

for all x € R™, then f is said to be slowly increasing function [6]. It is
easy to see that polynomial type weight functions are slowly increasing. For
f € L' (R™), the Fourier transform of f is denoted by f . We know that f is
a continuous function on R™. We denote by M (R™) the space of bounded
regular Borel measures, M (w) the space of p in M (R™) such that

il = [wdlnl < .
Re
If 4 € M (R™), the Fourier-Stieltjes transform of p is denoted by f [18].
Given any fixed 0 # g € S (R™) (called the wavelet function), the Wavelet
transform of a function f € LP (R™) with respect to g is defined by

Wof (2,5) = |s|%]14f g (55 )

for z € R™ and 0 # s € R, [5,19].
Let 0 # g € S (R™) and w;, we be weight functions on R™. For 1 < p,q <
oo and fixed s € R, we set

(DPa )S (R") = {f e L’ (R")|Wyf(,s) €Ll (R")}.

wi,w2
It is normed space with the norm ||f||D£’1‘{WQ = 1fllpe, + Wofll,e,- This
space is defined and investigated in [11].

Theory of the Fourier bilinear multipliers was started by Coifman and
Meyer [4,17] for smooth symbols. They considered bilinear multipliers
under some conditions. Lacey and Thiele considered m (z) = —isgn (z)
which leads to the Hilbert transform [14,15,16]. They proved that m is
(p1, p2)-multiplier for each triple (p1,p2,ps) such that 1 < p1,p2,ps < oo
and ps > % Then this conclusion was extended by Gilbert and Nah-
mod [7,8]. Kening-Stein and Grafakos-Kalton considered m (x) = Wl’_“

0<a< pil + p%) which leads to the bilinear fractional integral transform,

[9,10]. They proved that m is bilinear multiplier under some conditions.
Also Blasco investigated bilinear multipliers and transference method of
multipliers for Lebesgue spaces and Lorentz spaces [1,2,3]. Then Kulak
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and Gilirkanh extended these results to weighted Lebesgue spaces, variable
exponent Lebesgue spaces, weighted Wiener Amalgam spaces and variable
exponent Wiener amalgam spaces [12,13]. This paper deal with the the-
ory of the bilinear multipliers on the (D), (R™) which was studied
by Kulak and Giirkanh [11]. In this present paper bilinear multipliers of
type (D (p1, g1, w1, V1, S1;D2, G2, w2, V2, $2; P3.43, W3, V3, $3)) are defined by us-
ing this specific function space with wavelet transform.

2. THE BILINEAR MULTIPLIERS SPACE
BM[D (p1,Q1,w1,1/1781;p2-,Q2,w27V2,82;p3,(J37w3,V3,83)]

Lemma 2.1. Let wi, wo be a slowly increasing weight functions. Then
C (R™) is dense in the space (DI, ) (R™).

Proof. We know that C° (R") C (DEl.,), (R™) for polynomial weight
functions [11]. Similarly the inclusion C$° (R™) C (DEl.,), (R™) is showed
for slowly increasing weight functions. Take any f € (Dfw,), (R™). Since
C2® (R™) is dense in Lf, (R™) [12], for given € > 0, there exists a sequence
(tn) ey € C2° (R™) and nieN such that for all n > ny

€
5

Since C° (R™) is dense in L, (R™) [12], for given € > 0, there exists a
sequence (hy), v C Ce° (R™) and ngeN such that for all n > ng

(21) ”f - ’u’n”p,wl <

€
(22) 1Wyf — hally, < 5

S0 (hp),y convergences to Wy f in L9(R™). Then there exists a sub-
sequence (hn, ), n C (hn), such that (hy,), n pointwise convergences
to Wyf almost everywhere (a.e). Also, since (uy),,  convergences to f
in Lf, (R™), then there exists subsequence (Uny ),y cOnVergences to f in
L, (R™). So (up, Inpevconvergences to f in LP (R"). Consequently using
following inequality, for all zeR™

(Wotny, (€) = by, (2)] = [Wyun, () = hn, (2)|

< ) flun, — £l Mgl + Wy f (@) — oy ()] 1],

we obtain Wyuy, = hy, (a.e). If we set ng = maks {n;,n2}. Combining the
inequalities (2.1) and (2.2), for all € > 0 and n > ng, we have

Ilf— Uny, ||(nglq

s

o), = M = vl + IWe f = Won, |,

=|f- unk;”p7wl + Wy f — hnk”%w <e
This completes the proof. O
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Let 1 < p1,q1,p2,q2,03,43 < 00, 51,52,53¢RT and wi,ws, w3, v1, 10,13
be weight functions on R™. Assume that wy, ws, v1, 19 are slowly increasing
functions and m (&, n) is a bounded, measurable function on R™ x R™. Define

B (f,9) (2) = / / £(€)9 () m (&, ) 7€) gy
RnRn

for all f, g € C (R™).
m is said to be a bilinear multiplier on R™ of type

D (p1, q1,w1, V1, 815 P2, 42, W2, V2, $2; P3,43, w3, V3, 83) (shortly (D (p;, i, wi, Vi, $5)))
, if there exists C' > 0 such that

| Bm (£, g)ll(Dgggg)sa < C'||f||(pglljyl)s1 ||9||(Dggy33)52

for all f, g € C° (R™). That means B,, extends to a bounded bilinear
operator from (DZV'% ), (R") x (DY), (R™) to (DEYEL),, (R™).

We denote by BM[D (p1,q1,w1, V1, 515 D2, G2, Wa, V2, 52; P3,q3, W3, V3, 53)]
(shortly BM [D (ps, ¢;, wi, vi, $;)]) the space of all bilinear multipliers of type
(D (i, G5 wi, vi» $i)) and [mlpy, g, wimms0)) = 1Bmll-

Lemma 2.2. Hoélder Inequality for The Space (DY), (R™)
If pil + p% = % then there exists C' > 0 such that

Il orz),, < CM oz, WMl oz,

where f € (Df)fgff)sl (R™) and h € (DE?&?;)SQ (R™).
Proof. Let f € (DZJ!),, (R") and h € (D), (R™). It’s known that
the equality

Wy (fh) = (fh) = Ds,g"
From the this equality and Holder inequality for Lebesgue spaces, we have

1Ml o), = 1Rl + Wy (PR

S Hf”pl,w ||h||p2,w + ||(fh) * Dsisg*Hp’w .

On the otherhand since LY, (R") is Banach module over L} (R™), using last
inequality we obtain

170 o), < 1o Wl + 7l NP5
< o Il + 1y 1l 1D
= {1+ 1Dg s} 1y 1l
< {1+ 1D} {15 o+ Wy} { Bl + 1Wa
=C ||f||(1:)5;17;;111)51 IIhII(I:)s;?L;f;)S2
where C' = {1+||D839*||l,w}' O

The following Theorem is an example to bilinear mutiplier on R™ of type
(‘D (pia %’7 wi7 Vi, 37,)) .
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Theorem 2.3. Let q13 _m + - ws be slowly increasing weight function. If

K € L} (R") such that w (y) = wi (y) w2 (—y), w1 = maks {ws, 11} and wy =

maks {ws, v} thenm (&,1) = K (£ —n) € BM (D (p1, q1,ws, V1, 515 P2, 42, W3, V2, 52; G3,43, W3, W3, 53)).
Furthermore there exists C > 0 such that

<CONK], -

[l (D(p1,91,w3./1,513P2,42,W3,1/2,52343,43,W3,W3,53) )

Proof. Take any f,h € C (R™). We write the equality

(2.3) m (f, ) (¢ /f (t—y)h(t+y) K (y)dy [12].

Also we know that f(t —y) € (Diyh),, (R"), h(t+y) € (DEE),, (RY)
[11]. So using (2.3) and Hélder inequality, we have

1B (£ W) b /f (L= y) bt +3) K (5) dy

(083,),.

< [Ir=nnt+ 0 K@ dulpe) 1K @ldy
RTL

(2.4) < ./C If(t— y)ll(pg;dggll)s1 A (t+ y)||(D£’,?5”',’,22)52 |K (y)] dy.
On the otherhand we write

@5 D), < {80 ey +0 O IWadl,,,
and

26) Ih -+l ozz) < (e () Wl + 02 () IWs 0

[11]. So using the inequalities (2.5) and (2.6), since w1 = maks {ws, v1} and
wy = maks {ws, v2} we have

(2.7) 17t =l ozym), < wr @) Il ozye),
and
(2.8) At +0)llpzgzy < w2 (o) Whll(przesy

Therefore using the inequalities (2.4), (2.7) and (2.8), we obtain
1B (£ )| s /cnf (¢ =)o), I+l o) 1K @)l dy
<c / o ()wa (<) I ooy I (pess) K ()l dy

(2.9) = Clifl oy, Wollpzz) 1K
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Then m (£,7) = K (€ —n) defines a bilinear multiplier. Finally, using the
(2.9), we obtain

[lml] (D(P1,01,93,11,51592,42,03,12,52303,43,W3,03,53))
1B (fs ) (pzgoas
= sup
1oty <5 oz <l pzgay, WPl o)

w3:v2 )5,
ClK]l,, -

83

s

IN

0

Let 1 < p;,q; < 00, 8;eRT and w;,v; (i = 1,2,3) be weight functions on
R™. ~Assume that wi,ws, 11, Vo are slowly increasing functions. We denote
by M[D (p1, g1, w1, v1, $1; P2, 42, W2, V2, 52; P3,43, W3, 3, 53]

(shortly M[D (pi, gi,wi, vi, $i)]) the space of measurable functions M :
R™ — C such that m (¢,n7) = M (§ —n) € BM[D (pi, ¢, wi, vi, $;)], that is
to say

Bur (.9) @) = [ [F© a2 (€~ m) ernagan
Rnign
extends to bounded bilinear map from (D%} ), (R™)x (D), (R™) to
(DE3E3) s, (R™). We denote ([ M| p,, g, wi s = 1Bumll-

Theorem 2.4. Let w be slowly increasing weight function. Assume that

1 1 1 2) M
p—1+p—2=p—3,wlgw,wggwandv(x)=0(l+|x|) ,C >0, NyeN
be a weight function. If p € M (v) and m (£,n) = i (a€ + Bn) for a, B ER,
then m € BM[(D (p1,q1,w, w1, $1; p2, g2, W, W2, $2; P.p, W, w, 83))]. Moreover

there exists C' > 0 such that

”m”(D(Pl7‘117&17“}1,81;p2,qz,w,WQ752§p,p7w7w,33)) <Cpl, -
Proof. Let f, h € C° (R™) be given. By Theorem 2.3 in [12], we have

(2.10) B (1) (6) = [ £t~ cn) bt~ By)du ).
RTL
Also by [11] we have the inequalities
(2.11) oy Fllppiary, < @ (@) [ fllp, o+ (an) [Woflly, o,
and
(2.12) [ Zsyhll(pragey < w (By) [Ihlly, o + w2 (By) [Wohlly, o, -
2

Then by (2.10), (2.11), (2.12) and Holder inequality,

dul(y)

(L),

1B (£ oz < [ 17 ¢ = cnpnie = syl
Rn
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S1

< /C' If (¢ = ay)ll(ppaary (¢~ ﬁy)||(pgegg)52 d|pl (y)
RTL

(2.13)
< [ € @) 1y 1 (@) IW o } {0 (50 2 (30 Wil 0} i )
fn

From the assumption w; < w, wy < w and (2.13)

1B (1)l paz) < [ o0 (@) (50) {1+ Wl { Il I, } il )
Rn
= [ cwtan)w (30 Iz 1Bl ozezz)_ dlil )
Rn

(2.14) < Clifll oz 1 1All (pr2azy /w (ay)w (By) dul (y)

s s9

R~

Now , suppose that |a| <1, |8] < 1. Since w is slowly increasing weight
function, there exists C7 > 0 and N7 € N such that

(2.15) w(y) < Cy (1 n |y|2)N1

and then by using (2.15)

Jetawwna o) < [ (11l )™ (1+ 162 1) dinl )
J,

R

2N
(216) <t [ (1+10P)™ dlul ) = G,
RTI,
o\ 2N
where v (y) = C (1 + |y . Hence by (2.14) and (2.16)
@11 1B (AWl rz), < OCF ISl oy, Inlorsszy_ Dol

Thus since m € BM[(D (p1,q1,w, w1, 51; P2, G2, W, w2, $2; p,p,w, w, 3))] and
by (2.17), we obtain

”m”(D(PMIl W1 ,815D2,42,W,W2,525D, DWW, 53))
HBm (fv h)”(Df;’Z))s
= sup 2

Hf\l(Dg}dqu)Sl <1, ||h\|(D5gd;122)52§1 ”f”(Df,};lll)Sl “hH(DZQ,LL?)

s9

IN

oct ull,, -
Similarly, if |a| > 1,|8] > 1 then

[etane @il )< [ (jal+ laf )™ (181 + 162 1?) " dlad )
J,

Rn
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(2.18) = CF B[ o™ /v ()d|ul (y) = CF B [a™ |l
]’Rn
o\ 2N
where v (y) = C (1 + |y ) . Therefore by (2.14) and (2.18), we have

(2.19)
1B (f: W)l pgzy < COTIBP™ 1ol W1l oy W0l (pragey Nl -
s 3 W1 ) s W2 Jsg

Hence, we obtain m € BM[(D (Pl‘, q1,w,w1, S1;P2,q2,wW, w2, S2; P P, W, W, 83))]
and by (2.19)

gl (D(P1,41,W,w1,815P2,42,W,wW2,525D,PW,0,53))

1B (F: Wz

<1 ||f||(D£{;’11)Sl ”h”(Dﬁ",’J’f)

= sup

Hf\l(Dg}qull )., <1, HhH(DﬁJquZ)SQ

s9

2Ny | 2N
< ORI ™ el -
Assume that || > 1, |8] < 1. So

[etane @i )< [ (1ol + jal 1) (1+1) ™ dlul )

Rn

(2.20) = Cf o™ /v W) dlul (v) = CF la*™ |l -
R'I'L
Therefore by (2.14) and (2.20), we have
(2:21) 1B (F0)l(ozz), < CCHal™ 17 opsany
83 ’ s
Hencea we obtain m € BM[(D (pl» q1,WwW,Ww1, S1,P2,q2, W, w2, S2; PP, W, W, 83))]
and by (2.21)

Mall oy el

| (D(P1,41,W,w1,815P2,42,W,w2,525D,PW,w,83))

1B (£ W)l e,

ailflozy, o),

53

= sup
Hf\l(Dg}‘bqf) 1 <1, th\(Dgngzz)

s s

2N
< CCtlal™ |ull, -
Finally assume that || < 1, |3] > 1. Then

Jetane @i e < [eic (1) (188 + 192 1E) ™ dlul )

R

(2.22) =G |BP*™ /v (W) dul (y) = CF 1B ||,
RTL
Therefore by (2.14) and (2.22), we have

(2.23) 1B (W) (pgzy < CORBE™ Iy Wllppagey Il
53 ) 51 ’

s9
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Hence, we obtain m € BM[(D (plv q1,wW, W1, $1:P2,42,wW, w2, S2;P P, W, W, 53))]
and by (2.23)

”m“ (D(P1,q1,W,w1,51;D2,q2,W,W2,52;D,D,w,w,53))

1B (f: Wl (22

o 171 7]
HfH(Dgl"qul)sﬁh ||h\|(Dg;’)&1ng) <t (DZat),, (D7),

s

< CC P lull, -
0

Theorem 2.5. Let m € BM[D (pi, qi, wi, Vi, $i)]. Assume that v1 < wi and
vy < wa. Then Mg, oym € BM[D (p;, gi,wi, vi, si)] for each (§o,1m0) € R2?
and

”M(fo’no)mH(D(pi,qi,w,-,,ui,si)) < wi (=&o) w2 (=10) 1Ml Dy i corvins)) -
Proof. For any f, h € C° (R™), we write
(224) Bt yym (f:1) () = Bon (T, f, 7o) (2)
by Theorem 2.4 in [12]. Also, the inequalities

1Tl ozmy < {1 (60) 1Fllpy o, + 1 (=€0) IWaf 0}

and

Tl (ppzss) < {2 (=10) Al ey + 22 (=0) Wy, }

are satisfied [11]. Since m € BM|[D (p;, ¢i,wi, Vi, S;)] and by (2.24), we
have

[ Bty (710 = 1B (-t T M) i)

DI),,
< || Bumll ||T—50f||(05111311)31 ||T—noh||(173333322)52

< 1Bl {1 (~€0) 1F1lyy o + 01 (=60) Wl 1, b {02 (=10) Bl + 22 (=0) Wi, }

< 1Bull {1 (=60) 1l o, + 1 (=€0) [Wally 1, § {2 (=10) 1l + w2 (10) Wil ,, }

(2.25) = w1 (=€) w2 (—=10) | Bm| ||f||(1:)511>j511)51 ||h||(Dg2213§)52

and hence Mg, n.ym € BM[D (pi, gi,wi, vi, 8i)]. So by (2.25), we obtain

” ]\[(50 «nO)m H (D(pi,qi,wi Vi,si))

HBM(ﬁomo)m (f,h) H (D23

w3 ’”3)53
= sup

oz, <hIMI(ozm) <1 ||f||(o§;111‘;11)s1 ||h||(Dz'g;‘,l,g)s2

< w1 (=€) w2 (=10) | Bl = w1 (=&0) w2 (=10) 1Ml pps g1 s ,1,5) -
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Lemma 2.6. If w and v are polynomial type weight functions such that
% N:

w@) = C (1+P) ", v(@) = G (1+[2l?) " and f € (DBY), (R"),

then Dy f € (DV%), (R™). Moreover

S

HD?ZJ)fH(DE‘,{) < Hf”(Dﬁy',{) ’ ny <1,

s

s

HD?IJ)J[H(DLQ:‘;)S <C ”f”(Dg’lI,) , ify>1
for some C > 0.

Proof. Take any f € (D), (R™). For all z € R™ and fixed s € RT, we set

ézu(0<y<oo)

Wy (D3f) (@,5) = |s|’54D5f 09 (55 )at - |s|’5ﬂé|y|-%f (5)a (5% )

oI5 178 [0 (T )rau =yl 1E [ 1) (“i 5>du
Rn

R~ Y
SR TRI s|72 u—% n n, o _n T s
— 2 [ (S =t E ) (22)
y . y'y
]Rn
(2.26) =y2DIW, (f) (2,5).
Let y < 1. Also we know that the inequality
(2.27) 1D5F], < 1l (121

Since f € (DY), (R™), we have W, (f) (.,s) € Li (R™). So by using (2.26)
and (2.27)

W, (DY)

y3 DWW, ()

Hq7u - ‘ q.v

(2.28) =y | Dy (Woh)l,, < IWefll,,

is achieved. So using (2.27) and (2.28), we have

1D51 oy = 1P5 1l IWe (PG < Iyt IWaf g, = 11 (02 -
Let y > 1. Again we know that the inequality

(2.29) 1D £, < 9™ 11l 1121

N
where w (z) = (4 (1 + |:z:|2) " By using (2.26) and (2.29), we write

Iw, 030)1l,., =

AT

qv’

(2.30) =y [|Dy (W f),, <2 ™2 W, f]

N:
where v (z) = Cy (1 + |x|2) * . Hence combining (2.29) and (2.30), we ob-
tain

1051l gy = D51+ W (D5, < 0™ Wl 3N W £,

|(I~,V
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< Cliflpza).
where C' = maks { y7+N2} a

Theorem 2.7. Let wi, v; (1=1,2,3) be polynomial weight functions. If

2 = pll —+ plz - p3 0 <y < oo and m € BMI[D (pi,gi,wi, v, s)| then

ng € BM|[D (pi, ¢i, wi, Vi, 8)]. Moreover then

HngH(D(pi,qi,wi,ui,s)) <C ||m||(D(pi7Qi7wi~Vi:s)) :

for some C > 0.

Proof. Take any f, h € C° (R™). It’s known that the equality
(2.31) Bpgm (f,h) (y) = Dj* B (D! f, Dih) (y) [12].

Assume that y < 1. By from Lemma 2.3, assumption
m € BM|D (pi, gi,wi, vi, s)] and the equality (2.31), we write

HBng (f h)H(qug = Hng,le (Dgl)lf’D:ZZh H(Dm a3
w3 vy w3, 1/3
< C|[Bw (D5 £, D) | pryss )

IA

C “m”(D(pi,qi,wi,vi,s)) HDZ f||(Df,11=“1 ||D hH(D”2 192

w1,V

< Cllmll (D gswr,1,5) ”f”(D]”1 . ”h”(DZﬁ%’,??z)s :

So we obtain

125 D g asins) < € MM DG g5 -

Now suppose that y > 1. Again from Lemma 2.3, assumption
m € BM|D (p;, gi,wi, Vi, s)] and the equality (2.31), we have
[Botn -0 gy = [P35 (P52, 2],

)H(DZB a3

P3 s ‘13
3:V3

w3, 1/3

< ||Bp (DI . DZZh)||(D53j‘,1,3> < Nl (D g i wins)) ||D51f|| (DBra1) ||D52h”(pggiq;2)s

<C ||TYL||(D(I)“q“wz vi,5)) “f”(Dm 41) ||h||(Dpz qz) .
Hence we find that

||ng||(D(pi,qi,wi,ui,s)) <C ”m”(D(Pi,%,wi-w,s)) ’
O

Theorem 2.8. Let w;, v; (i =1,2,3) be polynomial type weight functions,
% = p% + p% — pia and m (y&,yn) = m(&,n), 0 < y < co. Then m €

BM|D (pi, qi,wi, vi, 8)| if and only if Dim € BM[D (p;, gi, wi, Vi, 5)]
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Proof. Take any f, h € C°(R™). Assume that y # 1. By from [3], the
equality

HBD5 (£,h) H (Drgis).

111
< Yy ( P1 PZ) ||m||(D(pi,qi,wi_yhs)) ||f||([)‘73}11:"1/11)g ||h||(D5%ﬂq/22)Q .

Therefore we have Dim € BM D (p;, ¢i,wi, Vi, s)]. Now assume that Dim €
BM]|D (pi, ¢i, wi, vi, $)]. So similarly we have

(L1 _ 1
T ”)HBDWf’h’(Dggzz)

(Drasosans) W (ozizn) Il (pzgs) -
Hence we obtain m € BM[D (Pis @i, Wi, Vi, 8)]- O
Theorem 2.9. Let m € BM[D (p;, ¢i,wi, vi, 8;)].  Assume that v < wy
and vy < wy. If ® € L} (Rzn) such that w (u,v) = ws(u)vs (v), then
dm € BM[D (p;. gi,wi, vi, 57)] and

<||® .
D(piqi wi Viysi)) - H ”17‘0 ||m||(D(Pi7LZi7wi7Vi73i))

Proof. Let ® € L} (R2”). Take any f, h € C°(R"). It is known by
Proposition 2.5 in [3].
By, (5 @) = [ [®00) B,y (1:1) (@) dud.
RrRR
Since m € BM[D (pi, gi,wi, Vi, si)] and by Theorem 2.3, we have M(_,, _,ym €
BMID (pi, qi, wi, vi, si)] and
HM(’"””)mH(D(pi7qi,wi>vz'78i))
< wi (W) w2 (V) 1l s gu wi,si)) -

Then,

HB@n fih H Dpi;z/g;) // H@ u, v BM( .. v)m H DPe Q3) dudv

w3 ,v3
RnR”™

< [ [ 10 ol Mmoot dudo

RrR™

< // |¢) (u7 U)| w3 (u) V3 (VU) ||m||(D(pi,q,1,wi,V,;,s7;)) ||f||(D511’(,1,11)51 ||h”(Df,22,q,22)§2 dudv

RnRn

(232) = Il g oz, Welozs) 190
52
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Thus from (2.32), we obtain &m € BM[D (p;, ¢;, w;, vs, s;)] and

<|® .
(D(pi;quwi.llivsi)) N || ||1,UJ ||m||(D(pi)qi7Wi7Vi’Si))

O
Theorem 2.10. Let w;, v; (i = 1,2,3) be polynomial type weight functions
2n
and let m € BM[D (pis giywi, viys)]. If ¥ € L (RJ“,t_Tdt) such that
2 _ 1 , 1
a = p_l + p_2 _ — then

my (6.7) = / m (1€, tn) U (£) dt € BMID (ps, qiwi, v, 5)]-
0

Moreover,

||m\1’||(D(Pi7qz‘»wi,w>S)) <C ||\II||L1 (RJr,t’ZTndt) ||m||(D(Pi-,qz‘,wiJ/i,S))

for some C > 0.
Proof. Take any f, h € C° (R™). It’s known that

By (£.1)(2) = [ Bog o (1.0 0 (¢ %t [12].
0

Since m € BMID (p;, gi,wi, Vi, s)] and by Theorem 2.4, we observe that
Dl ym € BM|(pi, gi, wi, vi, s)] and

1By (£:2) @l gty < / Bz (110 gy TN

o0
_2n
o L P 1 e L e L 200

WiV R+t q dt) '

<C ”m”(D(pi,qz',Wi,VuS ||f||(Dp1 41) ||h“(DP2 42) H\I}HLl(
Hence my € BM[D (p;, ¢i, wi, v4, s)] and

||m\1’||(D(Pi,qnwi,w,8)) <C H\I/”Ll (Rtt’%dt) ||m||(D(Pi¢q7:,wi7ViaS)) ’
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